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Abstract A 2-D numerical model is used to compare interactions between small-scale (SS) (25 km
horizontal wavelength, 10 min period) and medium-scale (MS, 250 km horizontal wavelength,
90 min period) gravity waves (GWs) in the Mesosphere and Lower Thermosphere within three diﬀerent
limits. First, the MS wave is speciﬁed as a static, horizontally homogeneous ambient atmospheric feature;
second, a linear interaction is investigated between excited, time-dependent SS and MS waves, and
third, a fully nonlinear interaction at ﬁnite amplitudes is considered. It is found that the ﬁnite-amplitude
wave interactions can cause SS wave breaking aligned with the phase fronts of the MS waves, which induces
a permanent mean ﬂow and shear that is periodic in altitude. This impedes SS wave propagation into
in the upper thermosphere and dissipation by molecular diﬀusion, when compared to linear amplitude
simulations. Linear cases also omit self-acceleration-related instabilities of the SS wave and secondary wave
generation, which modulate the MS waveﬁeld. Neither the linear or nonlinear cases resemble the static
approximation, which, by reducing a dynamic wave interaction to a static representation that is vertically
varying, produces variable momentum ﬂux distributions that depend strongly upon the amplitude and
phase of the larger-scale wave. This is an approximation made by GW parameterization schemes, and
results suggest that including time-dependent eﬀects and feedback mechanisms for interactions between
resolved and parameterized waves will be an important area for future investigations especially as
general circulation models begin to resolve MS GWs explicitly.
1. Introduction
Gravity waves are ubiquitous in the Earth’s atmosphere and can transport energy and momentum from tropospheric sources to the upper atmosphere (Fritts & Dunkerton, 1985; Hocke & Tsuda, 2001; Holton, 1982;
Hung & Kuo, 1978; Kelley, 1997; Lindzen, 1981; Vincent & Reid, 1983; Yiğit & Medvedev, 2015). It is estimated
that up to 70% of the momentum ﬂux in the Mesosphere and Lower Thermosphere (MLT) region is due to
gravity wave (GW) activity (Fritts & Alexander, 2003, and references therein). The deposition of this energy
and momentum in the atmosphere has been shown to have important eﬀects on the general circulation,
such as the cold winter mesopause and the Quasi-Biennial Oscillation (e.g., Fritts & Alexander, 2003; Garcia &
Boville, 1994; Nastrom & Fritts, 1992). Despite this, general circulation models (GCMs) can only resolve certain
scales of waves in the atmosphere, and those scales that are unresolved require parameterization schemes
(e.g., Lindzen, 1981; Matsuno, 1982; Meyer, 1999; Yiğit et al., 2008, 2009). Many parameterization schemes are
limited in the physics that they capture, neglecting important eﬀects such as transience, nonlinear eﬀects,
and secondary wave generation, while considering propagation through steady backgrounds only that are
constrained to single vertical columns (Chen et al., 2005; Eckermann, 1997; Fritts et al., 2009; Hasha et al.,
2008; Kim et al., 2003; Ribstein et al., 2015; Senf & Achatz, 2011). It has been suggested, however, that it is
these unresolved small-scale (SS) waves (10–100 km wavelengths, minute-hour periods) that carry the largest
momentum ﬂux and could make the largest contribution to the energy and momentum budget in the MLT
(e.g., Fritts et al., 2014).
It is important to note that there is a large variation in the physics and assumptions included in each GCM
parameterization schemes. While early parameterization schemes assumed that waves deposited all of their
momentum and energy once the Lindzen (1981) criteria are met (Alexander & Dunkerton, 1999; Holton, 1982),
later schemes allowed for more realistic representations of dissipation by extending the breaking to multiple levels and including viscous dissipation in the thermosphere (e.g., Garcia et al., 2007; Matsuno, 1982;
Meyer, 1999; Warner & McIntyre, 2001; Yiğit et al., 2008). Other GCM parameterizations used the Hines (1997)
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Doppler spread parameterization framework (e.g., Akmaev, 2001; Fomichev et al., 2002; Schmidt et al., 2006);
however, the validity of the Doppler spread theory has been questioned by several authors (e.g., Eckermann,
1997), and waves are typically damped exponentially to zero above 105 km. More advanced parameterizations schemes have included more sophisticated dissipation mechanism including ion friction, Newtonian
cooling, and nonlinear interactions (Yigit & Medvedev, 2010; Yiğit et al., 2008) and have tried to include
intermittency eﬀects (de la Cámara et al., 2014). However, despite these advances, the majority of parameterization schemes uses single column approximations (i.e., they do not include horizontal propagation) and do
not consider transience and time dependence of the GW ﬁelds nor the interactions between parameterized
waves and resolved dynamics. Therefore, they cannot accurately capture the wave-mean ﬂow interaction,
distribution of momentum, and energy ﬂux and thus exclude important nonlinear interaction eﬀects such
as resulting from self-acceleration and secondary wave generation. A description of the scope and limitations of parameterization schemes can be found in Kim et al. (2003), Alexander et al. (2010), and Yiğit and
Medvedev (2016).
Recent papers have combined ray tracing with parameterization physics to attempt to overcome these limitations in application to wave/tidal interactions (e.g., Ribstein et al., 2015; Senf & Achatz, 2011). They ﬁnd that
the single column approach leads to signiﬁcantly overestimated GW ﬂuxes and underestimated solar tide
amplitudes. Bölöni et al. (2016) used a ray tracing approach to investigate the relevance of GW-mean ﬂow
interactions and turbulent wave breakdown in contributing to GW drag, and how well Wentzel, Kramers, and
Brillouin (WKB) theory captures these eﬀects when compared to large eddy simulations. They found that the
absence of transience eﬀects in typical GW parameterizations leads to an oversimpliﬁed mean ﬂow and advocated for the use of WKB-based ray tracing schemes in future parameterizations. However, as described in Yiğit
and Medvedev (2016), WKB approximations require that vertical wave scales be smaller than vertical variations in the background ﬁeld and that this limitation becomes restrictive in the thermosphere. Song and Chun
(2008) and Amemiya and Sato (2016) developed ray tracing-based parameterizations that were implemented
within a GCM for convective and orographic waves, respectively. While Song and Chun (2008) included time
dependence explicitly, they only considered GW forcing by dissipation and not wave refraction. Amemiya and
Sato (2016) considered forcing by dissipation and refraction but omitted explicit time dependence in favor
of computational cost. Both found signiﬁcant departures in the GW drag distribution from the column-based
approach typically used in operational GCMs.
SS waves are subject to refraction by the background ambient atmosphere and other waves of diﬀerent scales
and periods. Depending on the background conditions, SS waves can be reﬂected, dissipated, or ﬁltered leading to diﬀerent distributions and dispersion of the wave, and ultimately determining where and when it will
deposit its energy and momentum (Dunkerton & Fritts, 1984; Fritts, 1984; Fritts & Lund, 2011; Fritts et al., 1996,
2006; Heale, Snively, Hickey, et al., 2014; Hickey & Cole, 1988; Holton, 1982, 1983; Lindzen, 1981; Pitteway
& Hines, 1963; Vadas, 2007; Vadas & Fritts, 2006; Vadas & Liu, 2009; Waterscheid & Hickey, 2011; Yiğit &
Medvedev, 2009; Yiğit et al., 2008, 2009, 2012). For waves propagating in a vertically varying atmosphere, dissipation will typically occur in one of three ways. First, if the background wind becomes equal to the horizontal
phase speed of the wave at some altitude, then the wave will encounter a critical level and will be absorbed
into the background ﬂow (e.g., Booker & Bretherton, 1967; Dunkerton & Fritts, 1984; Fritts, 1984; Fritts & Lund,
2011; Fritts et al., 2006; Holton, 1983; Lindzen, 1973; Yiğit & Medvedev, 2015). Second, a large-amplitude wave
can become convectively and/or dynamically unstable and break (e.g., Achatz, 2007; Fritts, 1984; Lindzen,
1981; Yamada et al., 2001). Third, waves that do not have large enough amplitude to break will be dissipated
by the molecular viscosity and thermal conductivity in the thermosphere (e.g., Heale, Snively, Hickey, et al.,
2014; Heale, Snively, & Hickey, 2014; Liu, Xu, et al., 2013; Vadas & Fritts, 2005, 2006; Yiğit & Medvedev, 2015;
Zhang & Yi, 2002). While propagation of SS waves through vertically varying background atmospheres has
been extensively studied, the eﬀect of a time dependently varying ambient atmosphere, which is horizontally
inhomogeneous with respect to SS waves, has received less attention. It is likely that most of the temporal and
horizontal variability on scales relevant to SS waves come from waves of larger scales. Indeed, recent advances
in mesosphere airglow imaging capabilities and techniques have begun to uncover the complexity of the
wave interactions and scales in the MLT region (Bossert et al., 2015; Fritts, Smith, et al., 2015; Heale et al., 2017;
Moﬀat-Griﬃn et al., 2017; Yuan et al., 2016). Understanding the eﬀects of these ambient waves on the propagation, dissipation, and ﬁltering of high momentum ﬂux SS waves is crucial to improving our knowledge of
their eﬀects on the atmosphere.
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Numerical simulation and ray tracing have been used to study the interactions between waves of diﬀerent
scales in both the ocean and the atmosphere (e.g., Broutman & Young, 1986; Eckermann, 1997; Heale & Snively,
2015; Huang et al., 2014; Liu et al., 2008; Liu, Xu, Yue, et al., 2014; Sartelet, 2003; Senf & Achatz, 2011; Vanderhoﬀ
et al., 2008). These studies generally concluded that critical level ﬁltering of waves propagating through a
larger-scale wave/ambient wind ﬁeld can be reduced signiﬁcantly when time dependence of that larger-scale
wave/ambient wind ﬁeld is taken into account. This is because the location of critical levels change (or become
non existent) as the amplitude and phase of the ambient wind/wave changes. In addition, from ray theory,
the time-dependent background wind alters the ground-relative frequency of the SS wave in such a way that
it tends to avoid the critical level (Huang et al., 2013; Lighthill, 1978). Heale and Snively (2015) also found a
directional dependence upon the amount of SS wave energy that escapes reﬂection and critical level ﬁltering.
If the SS and medium-scale (MS) waves propagate in opposite horizontal directions, then critical and reﬂection
levels become signiﬁcantly less eﬀective than if waves are propagating in the same horizontal direction. This
is again due to the transient nature of the critical and reﬂection layers and the amount of time the SS wave
spends “interacting” with these layers once time dependence is included.
As wave amplitudes increase, feedback can occur between waves and the mean ﬂow. One such example is self-acceleration (Dosser & Sutherland, 2011; Fritts & Dunkerton, 1985; Fritts, Laughman, et al., 2015;
Sutherland, 2001, 2006), in which a wave packet deposits its momentum into the background ﬂow, which
accelerates it to higher altitudes by altering its frequency. The lower fractions of the ascending packet experience this induced ﬂow as a mean background wind/shear causing shifts to smaller vertical scales and often
inducing breaking. It was found that this eﬀect can cause breaking at a lower altitude, conﬁned to a narrower
altitude region, if wave-mean ﬂow interactions are excluded (Liu, Xu, Liu, et al., 2014; Lund & Fritts, 2012).
It was also found that this eﬀect can occur more than once along a packet’s propagation and at multiple
altitudes (Fritts, Laughman, et al., 2015). While not described by linear theory, self-acceleration was incorporated into a GW drag parameterization by Scinocca and Sutherland (2010), suggesting that self-acceleration
could be the reason why a central tuning parameter, the Froude number, has to be smaller than expected to
ﬁt observations. Wave breaking can also enhance the tidal amplitudes through the subsequent momentum
deposition, but interactions are strongly dependent upon the phase of the tidal ﬁelds and GW (Liu et al., 2008;
Liu, Lu, & Franke, 2013; Liu, Xu, Yue, et al., 2014; Yiğit & Medvedev, 2017). In ray tracing studies of GW and tidal
interactions, the single column approach of most GW parameterizations schemes are shown to signiﬁcantly
overestimate GW ﬂuxes in the MLT and underestimate tidal amplitudes (Lu et al., 2012; Ribstein et al., 2015;
Senf & Achatz, 2011).
Other studies of nonlinear wave breaking and instability have cautioned that the usual assumptions of static
and dynamic instability (i.e., Richardson number is smaller than 0.25 or less than 0) do not necessarily indicate
when and where wave breaking can occur. Studies have been presented for cases of instability occurring
both below and above the nominal instability criteria (e.g., Achatz, 2007; Fritts et al., 2006, 2009; Sonmor &
Klaassen, 1997). It is found that instabilities at small amplitudes can arise as a result of wave interactions or
superposition, while large-amplitude instabilities are ﬁnite amplitude versions of resonant interactions that
can occur at small amplitude (Fritts et al., 2006; Sonmor & Klaassen, 1997).
In order to improve GW parameterizations, and ultimately GCM model predictions, developing a better understanding of the nonlinear mechanisms, feedback between waves of diﬀerent scales and the mean ﬂow, and
departures from linear theory is of crucial importance. Despite signiﬁcant progress by the studies cited in this
introduction, the importance and extent of these mechanisms in the MLT are still not well understood. As
stated in Liu (2016), addressing the increasing importance of small temporal and spatial scales is a challenge
that requires the capture of complex interactions over a broad range of scales and altitudes. This is especially true as high-resolution GCMs begin to explicitly resolve the MS wave spectrum (e.g., Becker, 2009; Liu,
McInerney, Santos, et al., 2014; Sato et al., 2012; Watanabe & Miyahara, 2009).
This study aims to investigate diﬀerences between SS and MS wave interactions in both the linear (small
amplitude) and nonlinear (ﬁnite amplitude) limits, where the larger-scale wave is imposed as a static, horizontally homogeneous background (similar to assumptions made in most GCM parameterizations), as an
analytically speciﬁed varying wave, or is speciﬁed as a fully dynamic propagating wave. The purpose of these
investigations is to elucidate the importance of ﬁnite-amplitude interactions between these SS to MS waves.
We use a 2-D, nonlinear, compressible numerical model to simulate the propagation, interaction, and energy
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and momentum deposition of a typical SS wave (𝜆x = 25 km, period = 10 min) in the presence of a typical
(𝜆x = 250 km, period=90 min) MS wave. We choose four scenarios to investigate.
1. Linear SS wave propagation through a static, horizontally homogenous,“background” MS wave, such that
there is minimal interaction or energy exchange between the waves or the mean ﬂow.
2. Linear SS wave propagation through a dynamic ﬁnite-amplitude MS wave, thus limiting interaction
between the waves but allowing for more realistic energy exchange between the MS wave and the mean
ﬂow.
3. Finite-amplitude SS wave propagation through an analytically speciﬁed but dynamic background MS wave.
Here the SS wave can evolve nonlinearly, but the MS wave behaves linearly and cannot exchange energy
with the SS wave and mean ﬂow.
4. Full interaction between ﬁnite-amplitude SS and MS waves and the mean ﬂow at typical MLT amplitudes.
We also assess the propagation of the SS and MS waves individually for comparison. This scenario is, indeed,
most realistic.
The paper is organized as follows. Section 2 describes the numerical model and its initialization. Section 3
shows the results of individual SS and MS wave propagation. Sections 4–7 present the results from Cases 1–4
as listed above; ﬁnally, section 8 presents our summary and conclusions.

2. Numerical Model and Model Setup
2.1. Governing Equations
The numerical model solves the nonlinear, fully compressible, Navier-Stokes equations in 2-D using a ﬁnite volume method. The model is based upon the clawpack libraries (LeVeque & Berger, 2004) and is fully described
in Snively and Pasko (2008), Snively (2013), and Zettergren and Snively (2015). The system of equations
solved are
𝜕𝜌
+ ∇ ⋅ (𝜌v) = 0
𝜕t

(1)

𝜕
(𝜌v) + ∇ ⋅ (𝜌vv + pI) = 𝜌g + ∇ ⋅ 𝝉
𝜕t

(2)

𝜕E
+ ∇ ⋅ {(E + p)v} = 𝜌g ⋅ v + (∇ ⋅ 𝝉) ⋅ v + 𝜅∇2 T
𝜕t
p
1
+ 𝜌(v ⋅ v)
E=
(𝛾 − 1) 2

(3)
(4)

where 𝜌 is density, p is pressure, v is the ﬂuid velocity vector, m is the mass per particle, I is the identity tensor,
g is gravity, T is the temperature, 𝜅 is the thermal conductivity, E is the total energy density, and 𝛾 is the ratio
of speciﬁc heats (1.4 for our simulations). The viscous stress tensor is given by
(
)
𝜕vi 𝜕vj 2 𝜕vk
𝜏ij = 𝜇
+
− 𝛿ij
(5)
𝜕xj 𝜕xi 3 𝜕xk
The main hyperbolic system of equation, along with the gravity term, is solved together using the f-wave
method of Bale et al. (2002). The dissipation terms are solved separately using a time-split (fractional step)
approach. For simplicity and control, the background ambient atmosphere is speciﬁed to be isothermal
with a temperature of T = 240 K and is initially windless. The background ambient density is given by
𝜌(z) = 1.2 exp(−z∕H), where H = 7 km.
2.2. Wave Parameters and Numerical Domain
The SS wave is chosen to be consistent with waves typically observed in airglow studies and climatologies
(e.g., Nielsen et al., 2009, 2012; Pautet et al., 2005; Suzuki et al., 2004; Taylor et al., 2009) and is speciﬁed to
have a horizontal wavelength of 25 km, a period of 10 min, and initial vertical wavelength of 15.8 km. This
gives the SS wave an initial horizontal and vertical phase speed of 42 m/s and −26.5 m/s, respectively, and
an initial vertical group velocity of 18 m/s. For the ﬁnite-amplitude case, an initial temperature amplitude is
chosen such that the wave achieves ∼5–10 K amplitude at the mesopause.
The MS wave parameters are chosen to be in accordance with those observed in Laser Imaging, Detection and
Ranging (LIDAR) and Advanced Mesospheric Temperature Mapper (AMTM) data (Bossert et al., 2015; Fritts,
Smith, et al., 2015; Fritts et al., 2014; Li et al., 2007; Lu et al., 2015, 2017; Suzuki et al., 2010; Yuan et al., 2016),
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Table 1
Small- and Medium-Scale Wave Parameters Used in the Simulations

Small scale
Medium scale

𝜆x0 (km)

𝜆z0 (km)

Period (min)

25

15.8

10

250

14.9

90

10.1002/2017JD027590

leading to a horizontal wavelength of 250 km, a vertical wavelength of
14.9 km, and a period of 90 min. The horizontal phase speed of this wave is
49.3 m/s, and the vertical phase and group velocities are −2.75 and 2.7 m/s,
respectively. An initial temperature amplitude is chosen such that the wave
reaches ∼10–15 K at the mesopause. The amplitude values for both waves
are consistent with typically observed values in the MLT region. The small
and medium-scale wave parameters are shown in Table 1.

The numerical domain is speciﬁed to be 500 km in the horizontal and 170 km in the vertical, with a resolution
of 250 m in each direction and a model output every 60 s. The lower boundary is closed (reﬂective), the upper
is open (waves can leave the simulation domain), and the sides are periodic. For simplicity, the horizontal
domain size is equal to twice the horizontal wavelength of the MS wave; however, the SS wave is a localized
packet. Both the SS and MS waves are excited using a time-dependent vertical body forcing in Cases 2 and 4
using the following form (note that the MS wave is speciﬁed as a “background atmosphere” in Cases 1 and 3):
]
[
(z − z0 )2 (x − x0 )2 (t − t0 )2
cos[k(x − x0 ) + m(z − z0 ) − 𝜔(t − t0 )] (6)
Fz (x, z, t) = 𝜌(z)A ⋅ exp −
−
−
2𝜎z2
2𝜎x2
2𝜎t2
where k = 2𝜋∕𝜆x , and m = 2𝜋∕𝜆z .The parameters used in the vertical body forcing are shown in Table 2.
It is important to note that the model used in this study provides implicit large-eddy simulations, as it does not
have the resolution, nor the third dimension, required to simulate the smallest scales of turbulence. The model
does not require eddy viscosity nor explicit ﬁltering, and features less than ∼10 grid points are damped by
numerical viscosity. Therefore, the smallest scales we can accurately resolve are 2.5 km in wavelength. Since
the model is 2-D, the case studies presented in this paper also represent interactions between waves that are
aligned in azimuth. In reality, waves interact over a wide range of 3-D alignments, which can yield various
results Thus, the interactions shown are most relevant to cases where horizontally extended (plane or frontal)
sources generate a broad spectrum over a long period of time. In addition, 2-D breaking has been shown to
overestimate the amplitudes of turbulent structures and can lead to longer decay times when compare to
true 3-D breaking; however, we emphasize here the nonlinear interaction eﬀects that occur over larger (wave
and packet) scales instead (e.g., Fritts, Laughman, et al., 2015; Heale & Snively, 2015).
2.3. Case Studies
2.3.1. Individual Propagation of SS and MS Waves
The ﬁrst cases will simulate the free propagation of the SS wave and MS wave, respectively, without the inﬂuence of the other. This gives a “benchmark” case to compare the interaction cases. The freely propagating
MS wave simulation will also be used to deﬁne the static background “wave” for Case 1, by choosing a single vertical slice (at the middle of the domain), at two ﬁxed times during the simulation. The momentum ﬂux
distributions and contributions to the mean ﬂow for each of the waves will be examined.
2.3.2. Case 1
For typical GW parameterizations in GCMs, GWs are “launched” when certain conditions are met and a
steady state solution is assumed at that time (i.e., no wave propagation time is considered). Any background waves present are represented by a static, horizontally homogeneous wind. As the next generation
of high-resolution GCMs become operational, the MS GW spectrum can be resolved explicitly (e.g., Liu, 2016;
Liu, McInerney, Santos, et al., 2014). These newly resolved waves will become an important part of the background atmosphere for the parameterized SS waves, and the limitation involved in omitting these interactions
are important to consider. To approximate this case, a static, horizontally homogeneous, background atmosphere (deﬁned from the MS simulation, as described above) is speciﬁed at two ﬁxed times (to show how
diﬀerent the results can be depending upon the state of the background atmosphere when “frozen” in time).
Table 2
The Wave Forcing Parameters Used in the Simulation
A (m/s)
Small scale

6.5 × 10−6 , 6.5 × 10−4

Medium scale

0.06

𝜎z (km)

x0 (km)

𝜎x (km)

10

3

100

25

5

10

80

15

0

∞

60

90

z0 (km)

t0 (min)

𝜎t (min)

Note. The two amplitude values for the small-scale wave represent the linear and ﬁnite cases, respectively.
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Horizontal wind (m/s)

160

Analytically specified, linear MS wave
at x=250km (Case 2b)

Time dependently excited, nonlinear MS wave
at x=250km (Cases 1a, 1b, 2a, 3)

a)

60

b)

150
40

140

Altitude (km)

130

20

120
0

110
100

-20

90
80

-40

70
60

10 20 30 40 50 60 70 80 90 100
10 20 30 40 50 60 70 80 90 100
Time (minutes)

-60

Figure 1. The evolution of the (a) analytically speciﬁed and (b) time dependently forced medium-scale (MS) wave at
x = 250 km. The dotted lines represent the stationary proﬁles used for Cases 1a and 1b.

A linear amplitude SS wave will be excited and propagate through this background. One of the challenges
in reducing an inherently dynamic process to a static representation is choosing the time at which to “freeze”
the MS wave background. Since, in typical operational GCM parameterization schemes, the wave propagates
from its source to dissipation region “instantly” as soon as it is generated, we will choose the point at which
the SS wave is at peak excitation in the troposphere to freeze the MS wave (note that in reality the SS wave
takes time to propagate up from its source region to the region where it dissipates, over which time the MS
wave evolves). For comparison, we will choose another time (100 min later, the approximate time the SS wave
would take to reach the thermosphere from the source region), when the MS wave has propagated further up
into the atmosphere, evolved, and grown in amplitude (by a factor of ∼3–4) as a result of decreasing density.
This shows how much the MS wave evolves over the time considered to be “instant” in typical GCM parameterizations, and how diﬀerent the inﬂuence is on the SS wave. The times at which these proﬁles are taken are
shown by the dotted line in Figure 1.
2.3.3. Case 2
This case will represent the propagation of the SS wave in the linear limit, while the MS wave is fully speciﬁed,
dynamic, and of ﬁnite amplitude. This will add a level of complexity to Case 1 but limit interactions between
the SS and MS waves. The MS wave, however, grows large enough in amplitude to deposit into the mean ﬂow
as it propagates upward. The upward group propagation and associated amplitude growth are completely
absent in the static background case. The MS wave evolves considerably over the course of the interaction
with the SS wave. Thus, time dependence needs to be included to accurately capture the dynamics of the
interaction. The parameters of the forcing are speciﬁed in Table 2, with the SS wave peak forcing amplitude
of 6.5 × 10−6 m/s. The evolution of the MS wave (at x = 250 km) for this case is shown in Figure 1b.
2.3.4. Case 3
This case uses a time dependently forced, ﬁnite-amplitude SS wave (6.5 × 10−4 m/s) propagating through
an analytically speciﬁed but dynamic MS wave. As a result of this, the MS wave includes the eﬀects of group
velocity and the increase in amplitude with altitude; however, it does not include dispersion, nonlinear eﬀects,
or dissipation (although dissipation of the MS is small over the duration of the simulation). There is also no
energy exchange between the SS and MS waves, nor the MS wave and the mean ﬂow. The evolution of the
MS wave (at x = 250 km) for this case is shown in Figure 1a.
2.3.5. Case 4
This case considers the interaction between the SS and MS waves in the nonlinear limit, where both are at
ﬁnite, realistic, amplitudes. This case allows for energy exchange and feedback between the two waves in addition to the ambient ﬂow. As discussed in section 2.2, the peak temperature amplitudes at mesopause height
reach ±5–10 K to be consistent with observational evidence; however, the amplitudes in the thermosphere
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Figure 2. The time evolution of the linear small-scale (SS) wave, ﬁnite-amplitude SS wave, and ﬁnite-amplitude MS wave at t = 79, 89, 94, and 102 min.

are much larger (∼ ±20 K). The peak forcing amplitude of the SS wave in the troposphere is 6.5 × 10−4 m/s as
described in Table 2.
The degree of SS wave nonlinearity is controlled, in each of the four cases, by the choice of initial amplitude.
For the MS wave, the inclusion/omission of nonlinear interactions with the SS wave and the mean ﬂow is determined by whether the MS wave is explicitly excited within the model (included) or is speciﬁed as a background
atmosphere (omitted).
2.3.6. Momentum Flux Analysis
For each of the cases, the time-averaged distribution of the SS wave’s momentum ﬂux will be examined. However, since the linear and ﬁnite-amplitude SS waves will have vastly diﬀerent momentum ﬂux amplitudes (peak
forcing amplitudes diﬀer by a factor of 100), the distributions are normalized to the peak value at the launch
altitude (of each case) so that the relative momentum ﬂux values can be compared between simulations. The
equation is given by
MFnorm =

u(z)′ w(z)′
max(u(z = 10 km)′ w(z = 10 km)′ )

(7)

where u′ and w′ represent the SS wave horizontal and vertical perturbation velocities, respectively, and the
overbar represents a time average over the duration of the simulation.

3. Individual Propagation of SS and MS Waves
In this section, we present results of the SS and MS waves propagating individually, as a control to compare with the interaction case studies in the next section. Figure 2 shows a time sequence of the linear and
ﬁnite-amplitude SS waves, and the MS wave showing their evolution.
While it is clear that the linear SS wave simply propagates upward as a packet and dissipates strongly above
155 km, the ﬁnite-amplitude SS case shows signiﬁcant energy deposition into the background ﬂow, leading
to a strong induced ﬂow at high altitudes (above 130 km altitude). This induced wind causes a refraction
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of the SS wave to shorter vertical wavelength as time progresses; eventually, breaking occurs at z = 135 km. This is known as a self-acceleration
instability and is the same eﬀect as described by Lund and Fritts (2012),
Liu, Xu, Liu, et al. (2014), and Fritts, Laughman, et al. (2015). The MS wave
not only propagates upward and grows in amplitude without any dramatic
eﬀect but also deposits momentum in the background ﬂow, inducing a
positive (rightward) wind. It is also noted that the MS wave shows no visible
signs of breaking despite its perturbation amplitude being greater than
the horizontal phase speed of the wave.

Domain averaged horizontal wind (induced flow)
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The induced background ﬂow can be seen in Figure 3, which shows the
domain averaged horizontal wind (induced wind) at the same four times
as Figure 2. We note that the localization of the SS wave packet should lead
to a relatively localized induced wind also; therefore, the overall amplitude
of the wind may be overestimated due to “wrap-around” eﬀects of the
periodic boundary conditions.

Horizontal wind (m/s)

The MS wave induces an approximately Gaussian shaped ﬂow that follows
the packet as it propagates upward and grows in amplitude. By the end
Figure 3. The domain averaged horizontal wind for the ﬁnite-amplitude
of the simulation at t = 102 min, the induced wind peaks at z = 107 km
small-scale wave (solid lines) and medium-scale wave (dotted lines) at
t = 79, 89, 94, and 102 min.
with an amplitude of 15 m/s. It is noted that this would continue to get
stronger if the simulation were run for longer. The SS wave generates a
ﬂow at much higher altitudes with a peak (∼18 m/s) developing at z = 147 km altitude at t = 78 min. This
then develops into a wave-like structure by 93 min when breaking is present. The permanent induced ﬂow
and shear are responsible for the refraction of the packet to smaller vertical wavelengths and the eventual
breaking. This induced breaking is consistent with the late stages of a self-acceleration instability (Dosser &
Sutherland, 2011; Fritts, Laughman, et al., 2015; Lund & Fritts, 2012; Sutherland, 2006).
In order to quantify the momentum ﬂux distribution in the linear and nonlinear cases, we take the timeaveraged and normalized momentum ﬂux (as described in equation (7)) and plot them in Figure 4. As previously mentioned, the linear amplitude wave will clearly have very small momentum ﬂux values compared to
the ﬁnite-amplitude case, so the normalization of the momentum ﬂux values allows for comparisons of the
relative diﬀerences in the momentum ﬂux distributions.
The linear amplitude SS wave has a time-averaged, normalized momentum ﬂux proﬁle that is roughly packet
shaped, with a maximum relative value of 3 × 1010 at 141 km. The ﬁnite-amplitude SS wave has a deeper
(in altitude) momentum ﬂux distribution. Its maximum relative value is approximately a factor of 10 smaller
than the linear case and occurs lower (z = 135 km) the height at which breaking occurs. This same result was
found in Lund and Fritts (2012), who found that breaking occurred at lower altitudes, and was much more
Time averaged momentum flux,
normalized to the max momentum flux at the launch altitude.
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Figure 4. The time-averaged momentum ﬂux, normalized to the maximum value at the launch altitude (z = 10 km),
for the linear (left) and nonlinear (right) amplitude small-scale (SS) waves. The second color bar (on the outside) shows
the scale for the absolute time-averaged momentum ﬂux for comparison.
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Figure 5. The background speciﬁed wind and temperature perturbation proﬁles for each of the two simulations, and
the predicted small-scale (SS) vertical wavelength. The dotted black lines indicate critical levels in Case 1b.

conﬁned in altitude, when the wave was allowed to inﬂuence the mean ﬂow. The shape of the distribution is
also asymmetric with the leading side of the packet being more disturbed than the trailing side. If the normalized momentum ﬂux values in the one case are larger than another, it is an indication that more of the
waves total momentum and energy wave have propagated higher and the packet has stayed more coherent.
This is why the linear case has larger relative momentum ﬂux values than the ﬁnite-amplitude case. The linear case does not lose momentum through breaking or strong mean ﬂow deposition, and so it propagates
and dissipates as a coherent packet in the thermosphere. The nonlinear case however breaks, undergoes
self-acceleration, and nonlinearly deposits momentum into the background over a range of altitudes. Therefore, more of the wave momentum is lost lower down in the atmosphere and is distributed over a larger region,
leading to smaller relative values. The absolute time-averaged momentum ﬂux scale is also plotted in Figure 4
for comparison (outside scale).

4. Case 1: Linear SS Propagation Through a Static, Vertically Varying Background
Speciﬁed Wave
As mentioned in section 2.3, the wave background was speciﬁed using a single vertical slice from the individually propagating MS wave simulation at two ﬁxed times: Case 1a.) At the time the SS wave’s source reaches its
peak forcing in the troposphere (t = 5 min; representative of the GCM assumption that the background is stationary at the launch time of the parameterized GWs). Case 1b.) At the end of the simulation (t = 102 min),
when the MS wave has propagated and increased in amplitude (because, in reality, the background would
evolve over the time it takes the SS wave to propagate up to the MLT, and this is not captured in parameterizations). The two background proﬁles and predicted vertical wavelength for the SS wave propagating through
those backgrounds are shown in Figure 5.
Figure 5 clearly shows how much the amplitude of the MS wave grows between the time the SS wave is
launched (Case 1a) and the end of the simulation (Case 1b). Because of this, vastly diﬀerent vertical wavelength
proﬁles with altitude are predicted for the SS wave in each case. This shows the importance of considering
the time dependence and evolution of the background medium-frequency waves over the course of the SS
wave propagation, interaction, and momentum deposition processes. This will be an especially important
consideration for high-resolution GCMs that resolve the MS wave spectrum.
Figure 6 shows a time sequence of the SS wave propagation in each of the simulations (note that the background wave has been subtracted to show only the SS waves). For Case 1a, there is minimal refraction of the
SS wave by the background MS wave because its amplitudes are small (∼10 m/s). The SS wave propagates
upward and dissipates in the thermosphere with little ﬁltering. The distribution of the time-averaged, normalized momentum ﬂux shown in Figure 7 is almost identical to the SS wave propagating freely as in Figure 4,
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Figure 6. A time sequence of the SS wave propagation through the static, vertically varying background imposed MS waves (which are subtracted from ﬁgure
for ease of interpretation). The Case 1a background is speciﬁed by a vertical slice of the MS wave at the time the SS wave is launched, while Case 1b is speciﬁed
by a vertical slice of the MS wave taken at the end of the fully time dependent simulation.

except the relative peak amplitude is approximately 100 times less. For the Case 1b simulation, the SS wave
shows strong ﬁltering by the critical levels at 90 and 100 km as predicted in Figure 5. This severely hinders the
propagation of the SS wave into the thermosphere as shown in the time-averaged, normalized momentum
ﬂux. The momentum ﬂux is maximized near 85 and 100 km altitude but at peak magnitudes of 1,000 times
less than for Case 1a. Also note that the momentum ﬂux that reaches the thermosphere has a peak value that
occurs at a higher altitude than in Case 1a. This is because the portion of the SS packet that avoids critical level
ﬁltering and reaches the thermosphere is that with the largest vertical scales and phase speeds that are able
to propagate the highest.
Case 1 shows the limitations of reducing a dynamic interaction to a static, homogenous case, and highlights
how diﬀerent the SS wave propagation and momentum ﬂux distribution can be depending upon the time at
which the MS wave is essentially frozen as a background atmosphere.

Time averaged SS wave momentum flux,
normalized to the max momentum flux at the launch altitude.
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Figure 7. The time-averaged small-scale (SS) wave momentum ﬂux, normalized to the maximum momentum ﬂux at the
launch altitude, for Cases 1a and 1b.
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Figure 8. (top row) A time sequence of the small-scale (SS) wave horizontal wind perturbation, with the ﬁnite-amplitude medium-scale (MS) wave wind overlaid
and made semitransparent for ease of comparison. (bottom row) Corresponding vertical cross sections (indicated by black line) showing the MS wind (red) and
temperature (orange), the SS wave wind (multiplied by 20 for ease of comparison in purple), and the theoretical SS wave vertical wavelength (blue).

5. Case 2: Linear SS Propagation Through a Dynamic MS Wave
In this case, we excite both the SS and MS waves through the vertical body forcing described in section 2.2,
rather than impose the MS wave as a static background as in Case 1. While the MS wave is of a ﬁnite amplitude,
the SS wave is excited with a very small amplitude in order to limit nonlinear interactions between the waves.
The MS wave is, however, able to deposit momentum into the mean ﬂow through nonlinear interactions. This
case represents an intermediate scenario between the simpliﬁed Case 1 and the fully nonlinear Case 3. The
SS waveﬁelds are extracted by subtracting the MS-only simulation, presented in section 3. We note that in
reality, the SS wave is at such a small amplitude that it is eﬀectively negligible in comparison to the eﬀects of
the MS wave; however, since most predictions are based upon linear GW theory, this is an important case to
study for comparison.
Figure 8 shows the SS wave propagation at 4 times, with the MS waveﬁeld overlaid and made semitransparent
for ease of comparison. The bottom row shows corresponding vertical cross sections at the location of the
vertical black line.
At t = 62 min, the SS wave initially propagates through the MS wave relatively unimpeded since the MS
wave is still of relatively small amplitude compared to later times. However, enhancements in the amplitude
and very small vertical scale structure are seen along the regions when the MS shear is locally maximized or
minimized (corresponding to the MS wave temperature peaks and troughs). These small structures are likely
MS wave instabilities, which manifest in the SS wave due to their small scales.
As time progresses, and the MS wave becomes larger in amplitude, the SS wave shows regions of amplitude enhancements around the predicted critical levels as the wave is shifted to smaller vertical scales and
reductions in amplitude where the vertical wavelength is shifted to larger scales. There is also evidence of
partial reﬂection of the SS wave, especially toward the end of the simulation. While critical levels are present
from the perspective of linear theory, and the amplitude of the MS wave wind exceeds the SS wave phase
speed, the model results reveal signiﬁcant propagation exists at these levels, which are often considered as
impenetrable boundaries for waves. This occurs for several reasons, they are as follows: (1) The SS wave is a
packet with a nonmonochromatic spectrum, thus some portion of the packet can penetrate the critical levels
(as they have larger phase speeds) (Heale & Snively, 2015). (2) The critical levels are transient and follow
the phase progression of the MS wave; thus, the interaction time between the SS wave and the critical
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Figure 9. The time-averaged momentum ﬂux, normalized to the peak value
at the launch altitude for the small-scale (SS) wave in Case 2. MS = medium
scale.
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level is reduced (Eckermann, 1997; Sartelet, 2003; Senf & Achatz, 2011;
Vanderhoﬀ et al., 2008). (3) The evolution of the MS wind in time causes
frequency variations in the SS wave that tend toward avoidance of ﬁltering (Heale & Snively, 2015; Huang et al., 2013). Nevertheless, the
ﬁnite-amplitude MS wave deposits its momentum into the background
ﬂow, creating a Gaussian-shaped mean ﬂow and a permanent shear. These
mean ﬂows and shears can act to ﬁlter waves, if strong enough, as suggested in Eckermann (1997). The mean ﬂows and shear induced by the
MS wave evolve over time (as shown in Figure 3) during the SS-MS interaction; these dynamics could also aﬀect the ground-relative frequency of
the SS wave, in a method similar to that of self-acceleration. This “mutual
acceleration” would depend upon the time, strength, and dynamics of the
induced ﬂow.
The timing of the wave interaction is clearly important. In this case, the
higher-frequency, faster portions of the packet interact with a relatively
small-amplitude MS wave early on and are able to propagate in the thermosphere. The slower packet components will be refracted and ﬁltered to
a greater extent by a larger amplitude MS wave. The enhancements in the
SS wave are aligned with the tilt of the MS wave phase fronts.

Figure 9 shows the time-averaged momentum ﬂux of the SS wave that
has been normalized to the peak value at the launch altitude. The relative
momentum ﬂux has a peak value of ∼7 × 106 at 143 km altitude. This is 3 times less than Case 1a but around
60 times more than in Case 1b. The distribution is also diﬀerent to both Cases 1a and 1b. The majority of the
wave does make it up into the thermosphere, but there is a distinct MS wave modulation of the momentum
ﬂux between z = 80–120 km. There is also the presence of negative averaged momentum ﬂux that occurs at
the angle of the MS wave phase fronts at ∼95 and 115 km. These patterns correspond to the large sheared
regions of the MS wave. However, obvious critical level-induced enhancements in the momentum ﬂux no
longer occur as they did in Case 1b. Therefore, adding the full dynamics of the MS wave in this case, when compared to the static, horizontally homogeneous approximation of Case 1, noticeably aﬀects the distribution of
SS wave momentum ﬂux.

6. Case 3: Finite-Amplitude SS Wave Propagation Through an Analytically
Speciﬁed MS Wave
In this case, the SS wave is excited such that is of ﬁnite amplitude in the MLT and can evolve in a nonlinear
manner. The MS wave is speciﬁed as a background wind analytically via the equation
]
[
(z − (z0 + Cg (t − t0 )))2 (x − x0 )2 (z − z0 )
cos[k(x − x0 ) + m(z − z0 ) − 𝜔(t − t0 )] (8)
U(x, z, t) = A ⋅ exp −
−
+
2H
2𝜎z2
2𝜎x2
where the parameters speciﬁed are the same as those in Table 2 with the exception of A = 6, z0 = 76 km,
Cg = 2.7 m/s, and t0 = 0 min. The evolution of this background is shown in Figure 1a and is limited to
linear propagation only, and no energy exchange occurs with the SS wave or mean ﬂow. This is the inverse of
Case 2 where the SS wave was linear and the MS wave could evolve nonlinearly. It is noted that the biggest
diﬀerences between Figures 1a and 1b are that Figure 1b deposits energy into the mean ﬂow that leads to a
positive bias in the wind at late times as well as self-acceleration shifting the wave to higher frequencies above
∼120 km altitude.
The evolution of the SS and MS waves for this case are presented in Figure 10. When comparing to linear Case 2,
the enhancements of the SS wave amplitudes appear in similar locations aligned with the MS phase fronts;
however, the SS wave now breaks where it could not in Case 2 and instead would continue to propagate
upward of become partially ﬁltered. Note that the self-acceleration eﬀect is not captured at all in Case 2. By
t = 82 min, instabilities begin to form near 90 and 100 km altitude, aligned with the maximum shear of
the MS wave. By t = 92 min, the SS wave is breaking rapidly above ∼120 km as a result of nonlinearity and
self-acceleration. The behavior of the SS wave in this region mirrors the individual propagation of the SS wave
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Figure 10. A time sequence (from left to right) of the horizontal winds in the case 3 simulation for (top row) both waves and (bottom row) the small-scale (SS)
wave only. MS = medium scale.

presented in section 3 but is still inﬂuenced by the presence of the MS wave. The leading portion of the SS wave
packet deposits momentum into the background ﬂow that refracts the trailing edge to smaller vertical scales
causing wave breaking in a region conﬁned to the induced ﬂow, but the SS wave packet is also refracted and
inﬂuenced by the MS wave. The two regimes are clear in the panel showing just the SS wave at t = 102 min;
below 110 km the wave breaking and deposition are inﬂuenced predominantly by the MS wave, whereas
above 110 km the wave dynamics are dominated by the nonlinear deposition from the SS wave itself and
resulting self-acceleration eﬀects with a smaller inﬂuence from the MS wave.
The time-averaged, normalized momentum ﬂux and the induced wind (mean ﬂow) are presented in Figure 11.
When comparing the normalized momentum ﬂux to previous cases, the distribution of the momentum ﬂux
for Case 3 is a hybrid of the individual ﬁnite-amplitude propagation case in the upper half of the simulation and
the linear Case 2 in the lower half. However, there are two distinct momentum ﬂux peaks in the upper atmosphere at ∼130 and 145 km altitude, whereas the individual propagation case (right-hand panel of Figure 4)
showed more of a continuum; this is due to the inﬂuence of the MS wave that causes a split in the layers of
momentum ﬂux deposition. The induced wind at t = 102 min is also about a factor of 2 larger for Case 3 than
it is for the individual propagation case, meaning that the MS wave has a signiﬁcant inﬂuence in preventing
the SS wave momentum and energy from reaching the upper portions of the thermosphere.
Time averaged momentum flux,
normalized to the max momentum flux at the launch altitude.
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Figure 11. (a) The time-averaged momentum ﬂux, normalized to the peak value at the launch altitude for the
small-scale (SS) wave in Case 3. (b) The domain averaged horizontal wind for Case 3 at t = 62, 82, 92, and 102 min.
MS = medium scale.
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Figure 12. A time sequence (from left to right) of the horizontal winds in the ﬁnite-amplitude simulation for (top) the total wind, (middle) the SS wave only
(horizontal scales less than 60 km), and (bottom) the MS wave (and anything with horizontal scales greater than 60 km).

7. Case 4: Finite-Amplitude SS and MS Wave Interactions
In the fourth and ﬁnal case, the SS and MS waves are excited at ﬁnite amplitudes and can interact nonlinearly
with each other and the background atmosphere. Figure 12 shows the simulation results at four diﬀerent
times. The waves are separated into the SS and MS components using a fourth-order Butterworth ﬁlter with a
cutoﬀ horizontal wavelength of 6 km. This cutoﬀ was chosen by taking a Fourier transform and ensuring the
split did not occur where a wave mode existed. Therefore, the SS waveﬁelds show everything with horizontal
scales less than 60 km and the MS waveﬁelds show everything larger than 60 km. Figure 12 shows the total
horizontal wind in the top row, the SS wind ﬁeld in the middle row, and the MS ﬁeld in the bottom row.
The early stages of the interaction show an interference pattern forming between the two waves, with
enhanced and diminished SS wave amplitudes aligned with the MS phase fronts. As time progresses and the
wave amplitudes get stronger, the SS wave breaks within the positive wind phases of the MS wave. Up to
this point the resulting evolution is very similar between Case 3 and 4. By t = 92 min, the two simulations
diﬀer signiﬁcantly above 110 km. While nonlinear eﬀects of the MS wave were suppressed in Case 3 leading
to the SS wave nonlinearity being dominant at high altitudes, the MS has a much more signiﬁcant inﬂuence
in Case 4. The nonlinear MS wave in Case 4 leads to a distinct vertical layering structure in the SS waveﬁeld
with enhancements at 100, 120, and 140 km altitude at t = 92 min that are far more ordered than the SS wave
breaking in Case 3. In turn, the MS waveﬁeld is distorted over the width of the SS wave packet and especially between z = 140–150 km where the SS wave is strongest and dissipation is signiﬁcant. By t = 102 min,
SS wave breaking can be seen within all of the positive wind phase fronts of the MS wave. Breaking at the
highest altitudes (z = 135–140 km) is due to a combination of self-acceleration and the inﬂuence of the
MS wave. Both the SS and MS waves have induced a mean background ﬂow as a result of their nonlinearity
(as seen by the red being stronger than the blue in Figure 12 at t = 102, top panel); this acts to refract the
SS wave packet to smaller vertical scales increasing its internal shear and temperature gradients. The strong
positive wind phases of the MS wave act on top of this mean ﬂow to refract the SS wave to even smaller
vertical scales causing instability to occur. The breaking of the SS wave, in turn, leads to greater energy and
momentum deposition, wind shears, and induced mean ﬂows. The MS wave is locally enhanced over the
width of the SS wave, and the MS wave fronts appear almost horizontal at z = 140 km, this is likely due to secondary wave/mean ﬂow generation caused by the dissipation and breaking of the SS wave. When comparing
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Figure 13. (a) A time sequence (from left to right) of the small-scale (SS) horizontal winds during the onset of breaking. (b) A vertical cross section of the
simulation at x = 254 km and t = 82 min showing the total and medium-scale (MS) wave winds and temperatures. (c) The Richardson number plots
corresponding to the proﬁles in Figure 13b.

to the case of the ﬁnite-amplitude SS wave propagating individually in section 2, the breaking in Case 4
occurs over a much larger altitude range, is periodic in altitude, and is aligned with the MS wave phase fronts;
however, the onset of the self-acceleration induced instability occurs at roughly the same altitude.
Figure 13 provides a closer look at the onset of breaking by plotting a time sequence of the SS perturbation
wind zoomed into the region of interest, along with a vertical cross section examining the wind, temperature,
and Richardson numbers (Ri) at this location. The Richardson number is given by the ratio of the buoyancy
frequency squared to the vertical wind shear squared N2 ∕(𝜕U∕𝜕z)2 . Traditionally, this method is used to examine linear instability in ﬂuids, with a negative value representing static instability (convective) and a value
between 0 and 0.25 denoting shear instability (Kelvin-Helmholtz). It is noted, however, that these criteria were
designed for parallel, horizontally homogeneous ﬂow, and it is now appreciated that GW breaking can be far
more complex (e.g., Achatz, 2007; Fritts et al., 2009; Sonmor & Klaassen, 1997). Nevertheless, it provides a good
reference for assessing the stability of the atmosphere.
The evolution shows the SS wave having an amplitude of ∼30 m/s in u′ at z = 103 km where it is locally
enhanced due to the inﬂuence of the MS wave. The wave amplitude grows slightly over the single wave period
time span shown, and the phase fronts of the SS wave begin to break up. As can be seen in Figure 13b, the SS
wave breaking occurs over the altitude region between where the total wind shear is maximized and the total
wind itself is maximized (z ∼100–104 km). This also corresponds to the region where the temperature gradient is minimized. This is similar to results seen in Heale et al. (2017). The breaking is a result of a combination
of the strong MS wind refracting the SS wave to smaller scales (thus increasing the shear) and the MS wind
peak corresponding with the minimum in the temperature shear, leading to a strongly reduced buoyancy frequency. It is key to note, from Figure 13c, that it is the combination of both waves that creates a classically
unstable region (Richardson number <0.25); neither of the waves individually are unstable on their own. If
the MS wave is considered as a background for the SS wave, the red line plot in Figure 13 shows that the minimum Richardson number is 1, whereas the combination of both waves (the blue line) is far less than zero at
z = 90 km and between z = 100 and 104 km. Therefore, the interaction is crucial to the onset of breaking in
this case, and the breaking occurs earlier than for the SS wave propagating individually.
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Figure 14. The time-averaged momentum ﬂux, normalized to the peak value at the launch altitude for both waves, the small-scale (SS) wave only, and the
medium-scale (MS) wave only in the ﬁnite-amplitude interaction case.

Figure 14 shows the time-averaged momentum ﬂux normalized to the peak momentum ﬂux at the launch
altitude for the both waves, the SS wave only, and the MS wave only. The distribution is much more diﬀuse
and less coherent than in previous cases. In particular, there are discrete regions of relatively large SS wave
momentum ﬂux centered at z = 100, 120, 135, and 150 km. The most interesting of which is the top two
regions, which were one coherent distribution in the case of the individual SS wave propagation and split
more evenly between two regions in Case 3. The splitting here is the result of the self-acceleration eﬀect
and the increasing inﬂuence of the MS wave as time progresses. The self-acceleration mechanism accelerates
the leading part of the wave packet to higher altitudes as it deposits its momentum into the background
ﬂow, which in turn leads to the trailing edge of the packet being shifted to small vertical scales and breaking
(e.g., due to self-acceleration instability; Fritts, Laughman, et al., 2015) that occurs at z = 135 km. However,
in later stages, the MS wave has a large enough amplitude that it induces breaking of the SS wave at lower
altitudes and thus impedes the transport of energy and momentum to the highest regions of the simulation
domain. Whereas the MS wave had a small inﬂuence above 110 km in Case 3, leading to an even distribution
of amplitude in the double peak structure of the momentum ﬂux at 135 and 145 km altitude, Case 3 shows
much more of the normalized momentum ﬂux concentrated in the 135 km altitude peak.
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Figure 15. The horizontally domain averaged horizontal wind at four
diﬀerent times.
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The other two local maxima in the SS wave time-averaged momentum ﬂux
occur at the altitudes where breaking forms along the MS phase fronts. The
maximum value of the normalized, time-averaged momentum ﬂux occurs
lower in altitude and is one fourth of the value than in the linear case and
similar in magnitude to Case 3. Comparing to the individual propagation
of the ﬁnite-amplitude SS wave, the maximum value of the normalized,
time-averaged momentum ﬂux occurs at a similar height but the value
is ∼1000 times less. Both the individual SS wave ﬁnite-amplitude simulation and the ﬁnite-amplitude interaction show that the momentum ﬂux
distribution horizontally asymmetric, signifying that the breaking leads to
signiﬁcantly more complex momentum and energy distributions that are
diﬃcult to account for in GCM parameterizations. Notably, the momentum
ﬂux distribution in a real nonlinear ﬁnite-amplitude wave-wave interaction
is signiﬁcantly diﬀerent to the static cases (Case 1) and linear case (Case 2).
Also, the MS wave momentum ﬂux is distorted by secondary wave generation and interactions with the SS wave, especially in regions where the SS
wave breaks.
Finally, Figure 15 shows the horizontal domain average of the horizontal
wind at 4 times shown in Figure 12. While the winds induced by the SS
wave are likely to be far more localized, this method gives an indication of
the induced mean ﬂow caused by the wave-wave interaction.
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At t = 62 min, the mean ﬂow is dominated by the packet shape of the MS wave (as can be seen by the individual
propagation of the MS wave in Figure 3). However, by 82 min, the inﬂuence of the SS wave creates a wave-like
wind structure superimposed on top of the packet-shaped MS induced wind. By the end of the simulation, at
t = 102 min, a strong shear has formed between 130 km and 140 km altitude, with the mean ﬂow changing by
13 m/s over ∼8 km. This corresponds to the altitude where the momentum ﬂux is maximized in Figure 14 and
the region where the self-acceleration instability of the SS wave occurs. There are also local peaks in the mean
ﬂow near 102 km and 118 km, with SS structure in between. Comparing the induced wind at t = 102 min to
the individually propagating waves in Figure 3 and Case 3, the induced wind is much smaller at high altitudes
in the interaction case, since the MS wave induces SS wave breaking at lower altitudes and has much more
inﬂuence in impeding its progress to higher altitudes.

8. Summary and Conclusions
A 2-D nonlinear, numerical model has been used to investigate the interaction of a SS (25 km 𝜆x , 10 min
period) and a MS wave (250 km 𝜆x , 90 min period) with four cases of increasing complexity. These are scales
that are likely to have signiﬁcant impacts on the MLT region (Fritts et al., 2014) but are not yet well resolved in
typical GCM simulations (e.g., Kim et al., 2003; Liu, 2016; Liu, McInerney, Santos, et al., 2014). Those cases investigated were (1) propagation of a SS wave through static, horizontally homogeneous ambient atmospheres
with an imposed MS wave feature; this case is similar to assumptions made in most GCM parameterization schemes and is especially important to understand as GCMs begin to resolve the MS wave spectrum;
(2) propagation of a linear amplitude SS wave through a ﬁnite-amplitude, fully dynamic MS wave; (3) propagation of a ﬁnite-amplitude SS wave through a linear, analytically speciﬁed MS wave; and (4) the nonlinear,
ﬁnite-amplitude SS and MS wave interactions, with amplitudes typical of those observed in the MLT.
When propagating individually, without the inﬂuence of the other wave, the linear amplitude SS wave
is viscously dissipated in the thermosphere. By comparison, the ﬁnite-amplitude SS wave undergoes
self-acceleration and associated wave breaking, inducing mean ﬂows of up to 50 m/s at z = 150 km. The MS
wave also, when alone, induces a packet-shaped mean ﬂow with peak amplitudes of up to 15 m/s over the
time scales simulated.
For Case 1, two background atmospheric states were chosen to represent the MS at diﬀerent ﬁxed times in its
propagation. The ﬁrst represents the state of the MS wave at the launch time of the SS wave. In this case, the MS
wave had relatively small peak amplitudes of 10 m/s and 5 K and the SS wave propagated through the MS wave
with little refraction or ﬁltering and dissipated in the thermosphere. The second state was after the MS wave
had propagated to higher altitudes and grown in amplitude. In this case the SS wave was strongly critical level
ﬁltered by the strong winds associated with the MS wave, and very little of the wave energy and momentum
could reach the altitudes where it is strongly dissipated by molecular viscosity. The two static representations
of the MS wave at two diﬀerent times produced vastly diﬀerent SS wave propagation and momentum ﬂux
distributions, indicating that reducing a dynamic wave interaction to a static representation can produce very
variable results depending upon the state of the larger-scale wave at the time the background is frozen and
greatly simpliﬁes the physics.
In Case 2, the full MS wave dynamics were included, leading to refraction, reﬂection, and ﬁltering of the SS
wave, which became more prominent over time as the MS wave grew stronger in amplitude. In particular, the
SS wave is refracted to smaller vertical scales in the positive wind phases of the MS wave and refracted to larger
scales in the negative wind phase of the MS wave. The inclusion of the time dependence of the MS wave leads
to reduced critical level ﬁltering in comparison to a static representation of the MS wave at the same amplitude. This eﬀect is due to transience of the critical level and an induced shift in the SS wave’s ground-relative
frequency by the time-dependent MS wave and has been demonstrated in previous studies (e.g., Eckermann,
1997; Heale & Snively, 2015; Huang et al., 2013; Sartelet, 2003; Vanderhoﬀ et al., 2008). However, while transience leads to reduced critical level ﬁltering, the ﬁnite-amplitude MS wave is continuously depositing part
of its momentum and energy into a permanent mean ﬂow and shear, which, if large enough, can cause more
permanent critical levels.
In Case 3, the SS wave is excited such that is reaches ﬁnite amplitudes in the MLT and can evolve nonlinearly;
however, the MS wave is speciﬁed analytically so that it does not exhibit nonlinearity or energy exchange
between it and the SS wave or the mean ﬂow. Below 110 km, the MS wave heavily inﬂuences the momentum ﬂux deposition of the SS wave by causing the MS wave to break along the phase fronts of the MS wave
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where the shear is maximum. Above 110 km, the inﬂuence of the MS wave on the SS wave is relatively weak
(compared to Case 4) and breaking and momentum deposition is dominated by self-acceleration eﬀects and
dissipation due to molecular viscosity and thermal conductivity. While this case is far from perfect, it provides
the best representation of the fully nonlinear, time-dependent interaction presented in Case 4.
In Case 4, both waves are of ﬁnite amplitude leading to nonlinear interactions and breaking of the SS wave.
The SS wave breaks predominately within the positive wind phases of the MS wave between where the wind
shear is maximized and the temperature gradient is minimized, this is also where the SS wave is refracted
to small vertical scales. This leads to an induced mean ﬂow that is wave-like in altitude. It is also noted that
both waves individually are classical stable when assessing their Richardson numbers, but it is the total of
both waves interacting that leads to instability. Due to the SS wave breaking, far less of the SS wave energy
and momentum is able to propagate as high as it can in the linear case or if it propagates individually. The
time-averaged, normalized momentum ﬂux distribution has a number of distinct peaks but is generally far
more diﬀuse, complex, and asymmetric than the previous cases. Self-acceleration induced breaking is also
present in Case 4, which is not captured in the linear scenario and, in conjunction with MS wave inﬂuences,
leads to a large permanent shear in the mean ﬂow between 130 and 140 km altitude. However, the induced
winds are far smaller than for the ﬁnite-amplitude SS wave propagating individually or for Case 2.
The ﬁnite-amplitude simulation leads to feedback between waves, secondary wave generation, breaking and
turbulence that occurs preferentially within regions of the atmosphere, in addition to signiﬁcant permanent
mean ﬂows and shears, and a more complex momentum ﬂux distribution than when considering linear propagation alone. While this paper only demonstrates nonlinear wave interactions under very speciﬁc cases, it
is clear that there are important mechanisms that static and linear assumptions are unable to reproduce and
that are unlikely to be well represented in parameterization schemes that do not include transience, horizontal
inhomogeneity, and nonlinear feedback mechanisms between waves and the mean ﬂow. Primary conclusions
are the following.
1. The MS wave can evolve signiﬁcantly over the time it takes a SS wave to propagate into the thermosphere.
Therefore, considering a MS wave as stationary, relative to the SS waves, and assuming instant propagation of the SS wave from the source to thermosphere signiﬁcantly simpliﬁes the physics. This shows the
importance of including transience for accurately capturing interactions.
2. Linear assumptions and lack of transience neglect crucial self-acceleration, mutual acceleration, and breaking/wave feedback eﬀects. As a result, they do not adequately capture the momentum ﬂux distribution
resulting from SS and MS wave interactions. Even for waves with modest amplitudes in the mesopause
region (a few K), amplitudes can be large in the lower thermosphere, leading to signiﬁcant nonlinearity.
3. Fully nonlinear interactions lead to breaking and momentum deposition angled along the phase fronts of
the MS wave, preferentially occurring where the wave temperature gradient is minimized and the velocity is maximized. The MS wave is also signiﬁcantly modulated over the region of the SS wave packet, and
signiﬁcant background ﬂows and shears are produced as a result of the interaction.

Acknowledgments
Research by C. J. Heale and J. B. Snively
was supported under NSF grants
AGS-1344356 and AGS-1151746.
The authors thank three anonymous
reviewers and the Editor for reviewing and suggesting improvements
to this publication. Simulation data
needed to reproduce the ﬁgures will
be archived at ERAU for 5 years and
are available on request to the authors
at healec@erau.edu.

HEALE AND SNIVELY

Results strongly suggest a need to capture time-dependent MS eﬀects on SS waves, and vice-versa in future
partially resolved GCM parameterizations. The need for transience and a move away from the single column
approach are crucial for improving these schemes. The results in this paper support the conclusions of Senf
and Achatz (2011), Ribstein et al. (2015), and Bölöni et al. (2016) who found that using ray tracing techniques
with WKB theory to include time dependence and horizontal propagation led to much better agreement with
large eddy simulations models on wave-mean ﬂow interactions. It is noted that typical operational parameterizations work statistically and consider a broad spectrum of waves. In contrast, this study looks at simpliﬁed
quasi-monochromatic interactions. In order to gain some understanding of the fundamental physical processes behind these types of interactions, under diﬀerent limits, we have deliberately kept the case studies
simple. As the next generation of GCMs partially resolve and partially parameterize the GW spectrum, studying the physics needed to represent interactions between the small scales (which will remain parameterized)
and the medium scales (which will become resolved) will become important.
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Yiğit, E., & Medvedev, A. S. (2017). Inﬂuence of parameterized small-scale gravity waves on the migrating diurnal tide in Earth’s
thermosphere. Journal of Geophysical Research: Space Physics, 122, 4846–4864. https://doi.org/10.1002/2017JA024089
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